Abstract-A new Runge-Kutta method, with phase-fitted and amplification-fitted is constructed for solving first-order ordinary differential equations with periodic solutions. This new method is based on the Runge-Kutta 3/8 Rule with fourth algebraic order. In the numerical results the new method is compared with the existing method; which show that the new method is more efficient.
I. Introduction
In this study, we are dealing with initial value problem (IVP) of the form:
y (x) = f (x, y), y(x 0 ) = y 0
(1) y 0 is a given vector of initial condition and their solution is oscillating. This type of problem often arise in many fields of applied sciences such as astronomy, quantum mechanics, mechanics, and electronics.
Over the last decades, there are a number of numerical methods that have been derived by several authors based on different approaches such as minimal phase-lag, phase-fitted, and exponential-fitted for solving first-order oscillatory IVPs. See Simos [1] , Cash et al. [2] , Senu et al. [3] ,Vigo-Aguiar and Ramos [4] , and Van der Houwen and Sommeijer [5] . In 1993, Simos derived a Runge-Kutta-Fehlberg method based on the idea of phase-lag of order infinity [6] . Recently, the idea of phase-lag of order infinity has been used to developed new numerical methods. Simos and Vigo-Aguiar [7] presented a modified Runge-Kutta method with phase-lag of order infinity for solving the Schrödinger equation and related problems. Simos et al. [8] presented a modified phase-fitted Runge-Kutta method for numerical solution of the Schrödinger equation.
In this work, we will combine the idea of phase-lag of order infinity and zero amplification error together. We will construct a four-stage phase-fitted and amplification-fitted RK method based on the coefficients of 3/8 Rule method of algebraic order four.
II. Phase-lag Analysis for Modified Runge-Kutta Methods
An explicit MRK formula is given by
where 
The method is said to be explicit when i ≤ j where a ij = 0 and implicit otherwise. The method in Table 1 is called modified Runge-Kutta. To develop the new method we use the test equation based on [5] .
where v is real. When we compare the actual solution and the approximate solution for this equation, and by requiring that these solutions are in phase with maximal order in the step-size h, we derive the so-called dispersion relation.
For first-order equations we write the m-stage explicit MRK method in the matrix form given in Table 1 . Application of the above method to the test equation yield y n = a n * y 0 and
where
are polynomials in H 2 .
The amplification factor is a * = a * (H), and y n denotes the approximation to y(x n ). A comparison of Eq. (9) with the solution of Eq. (8), leads to the following definition of the dispersion or phase error or phase-lag and the amplification error.
Definition 1:
In the explicit m-stage MRK, presented in Table 1 , the quantities:
are called the dispersion or phase error or phase-lag and the amplification error respectively. If t(H) = O(H r+1 ), and a(H) = O(H s+1 ) then the method is said to be phase-lag order r and dissipative order s [9] .
Remark 1:
From the definition Eq. (11) it follows that,
The interval (0, H) for which a(H) ≥ 0 is called interval of imaginary stability [9] .
Theorem 1:
For the Runge-Kutta method given by Table 1 and Eq. (9) we have the following formula for the direct calculation of the phase-lag order r and the phase-lag constant q
The analysis of phase-fitted (dispersion of order infinity) and amplification-fitted (dissipation of order infinity) are based on dispersion and dissipation quantities that have been discussed in Definition (1). Papadopoulos ([10] and [11] ) has derived a phase-fitted RKN method for solving oscillatory problems and modified phase-fitted and amplification-fitted RKN method for radial Schrödinger equation.
The modified RK method is called phase-fitted and amplification-fitted if the following conditions hold:
t(H) = 0 and a(H) = 0.
III. Construction of the New Method
In this part, we derive MRK with phase-lag of order infinity and zero amplification error which is based on 3/8 rule fourth order RK method with four-stage as follows: 
Based on Eq.(10) and on the 4-stage explicit MRK method in Table 2 . For optimized value of maximum global error then we chose a 21 and g 2 as free parameters we have that
Applying (15) to (14) yields
Solving (16) and (17) 
This new method is denoted as MRK4(DP).
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IV. Problems Tested and Numerical Results
In this part, the proposed method is applied in solving IVPs. The new method is compared with the fourth order four stage explicit RK method as given in [17] .
RK4: Fourth order four-stage explicit RK method as given in [17] . MRK4(DP): Combination between phase-fitted and amplification-fitted derived in this paper.
Problem 1: ( Homogeneous)
Theoretical solution :
Source : Chawla and Rao [12] . Source : Stiefel and Bettis [13] .
Problem 4: ( Inhomogeneous)
Source : Allen and Wing [15] .
The following tables are comparison of the numerical results when solving the problems using combination of phase-fitted and amplification-fitted modified Runge-Kutta method for periodic initial value problems. New fourth order Phase-fitted and Amplification-fitted Modified Runge-Kutta method for periodic initial value problems have been derived in this note. We are going to compare the four stage RK method from table of Simpson's ( Table 2) in terms of maximum global error.
In most cases, the numerical results in Tables clearly show that the new Phase-fitted and Amplification-fitted is better than RK4 method in terms of maximum global error.
V. Conclusion
In this research, we derived a new phase-fitted and amplification-fitted MRK method for solving first-order ordinary differential equations with periodic solutions.This method is based on 3/8 rule four-stage fourth algebraic order. numerical findings indicate that the proposed method is more efficient than the previously developed method.
